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 QUESTION 1         [22] 
 
a) Discuss the “twins paradox”. Why is its outcome apparently contradictory, and resolve 
this apparent contradiction.        (7) 
 
b) Prove that the four-dimensional scalar product is invariant under Lorentz 
transformations, i.e. 
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c) A pion approaches us from the west with a velocity of 0.8c. An electron approaches us 
from the north with a velocity of 0.6c. 
 
What is the speed of the electron relative to the pion (i) in our frame of reference, (ii) in 
the pion’s frame of reference.        (8) 
 
 
QUESTION 2         [18] 
 
a) Given that the momentum four-vector pµ = (E/c, px, py, pz), calculate the scalar product 
pµpµ., and use your result to confirm the expression for energy given by the formula 
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b) How does the Minkowski force differ from the ordinary force? Are these two 
quantities four-vectors?        (4) 
 
c) Through what angle must a 0.2 MeV photon be scattered by a free electron so that it 
loses 10% of its energy?        (7) 
 
 
QUESTION 3         [18] 
 
a) Distinguish between the most probable, median and mean values of a quantity. Which 
of these is referred to as the expectation value?     (4) 
 
b) Consider the wave function xAx =)(ψ  for axa 2<<  and 0 everywhere else.  
Determine i) σx , and ii) 2p .       (14) 
 
 
QUESTION 4         [19] 
 
a) Consider the infinite square potential well 
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Derive the solutions to the time independent Schrödinger equation for this potential, and 
prove that the possible energy values for this potential are given by 
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b) Determine the probability density of the combined wave function 
( ) ( )hh /exp/exp),( 222111 tiEctiEctx −+−=Ψ ψψ  
and show that it oscillates with an angular frequency equal to ( ) h/12 EE − . (8) 
 
 
QUESTION 5         [20] 
 
a) Calculate the wave function for the ground state of the one-dimensional harmonic 
oscillator. You do not need to normalise the wave function.    (7) 
 
b) A free particle is initially described by the wave function Ψ(x,0). Describe the 
procedure for calculating the wave function Ψ(x,t) at a later point in time t. (4) 
 
c) Consider a particle with energy E < V0 in a step potential 
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If a particle is approaching the step from the side of negative x, describe how you would 
determine the probability that the particle will be reflected back from the step towards 
negative x. No need to do the actual calculations.     (9) 
 
 
QUESTION 6         [20] 
 
a) Confirm that for hermitian operators, the eigenvectors for distinct eigenvalues are 
orthogonal.          (6) 
 
b) Determine the eigenfunction of the momentum operator and confirm that it is wave-
like with a wavelength corresponding to the de Broglie wavelength λ = h/p. (7) 
 
c) A normalised wave function is written in terms of a set of orthonormal functions as 
follows: 
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If the fn are eigenfunctions of an operator Q with eigenvalues qn, show that 
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QUESTION 7         [23] 
 
a) Consider the three-dimensional time-independent Schrödinger equation for a radial 
potential V(r) . Assuming that the wave equation can be written as the product of a radial 
function R(r) and an angular function Y(θ,φ), show that the angular function satisfies the 
equation 
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where l(l+1) is (at this stage) an arbitrary constant.     (12) 
 
b) The wave function for the n = 2, l = 1, m = 0 state of a single electron in a hydrogen atom 
is given by 
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where a is the Bohr radius. 
i) Determine the most probable value of the radial distance r for this state. 
ii) The atom then undergoes a transition involving a photon from the Lyman series. What 
are n, l and m for its new state ψnlm. Explain your reasoning. Comment on the angular 
dependence of the new state.        (11) 
 
 
QUESTION 8         [20] 
 
a) Starting with the classical definition of the angular momentum prL ×= , determine the 
quantum mechanical operators Lx, Ly and Lz. Hence show that 
     
[ ] xzy LiLL h=,  .    (10) 
 
b) Confirm that zz LLLLL h−+= −+ 22 .      (4) 
 
c) Determine the commutator between the Pauli matrices [ ]xz σσ ,  (in terms of one of the 
Pauli matrices themselves).        (6) 
 
 
QUESTION 9         [20] 
 
a) A system consists of two identical particles in a potential that is a function of the 
position of each of the particles. 
i) Show that the only possible solutions for the combined wave function is either one that 
is symmetric or one that is anti-symmetric to the exchange of particle positions. 
ii) Show why for one of these it is impossible for both particles to share the same state. 
           (10) 
 
b) Consider an electron moving inside a metal conductor with rectangular dimensions. 
i) What potential would you use to determine the electron’s wave equation if you ignore 
interactions between the electron and the fixed atomic nuclei? 
ii) Briefly describe your method for obtaining the wave function and energy levels (without 
doing any calculations). 
iii) How would the potential change if you did include the effects of the fixed nuclei? 
Explain your answer.         (10) 
 
 
END 
 5
Constants: c = 3 × 108 m.s-1 e = 1.6 × 10-19 C h = 6.626 × 10-34 J.s 
ħ = h/2pi  me = 9.31 × 10-31 kg mp = 1.67 × 10-27 kg  
R = 1.097 × 107 m-1 a = 5.29 × 10-11 m ε0 = 8.85 × 10-12 C2m-2N-1 
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